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A greedy clique decomposition of a graph is obtained by removing maximal cliques from a 
graph one by one until the graph is empty. It has recently been shown that any greedy clique 

decomposition of a graph of order n has at most -~  cliques. In this paper, we extend this result 
by showing that for any positive integer p, 3 _~ p any clique decomposition of a graph of order n 
obtained by removing maximal cliques of order at least p one by one until none remain, in which 
case the remaining edges are removed one by one, has at most tp_l(n ) cliques. Here tp_l(n ) is 
the number of edges in the Turs graph of order n, which has no complete subgraphs of order p. 

In connection with greedy clique decompositions, P. Winkler conjectured that for any greedy 
clique decomposition ~ of a graph G of order n the sum over the number of vertices in each clique 

of ~ is at most -~.  We prove this conjecture for K4-free graphs and show that in the case of 
equality for $ and G there are only two possibilities: 

(i) a-~ K.~/2,n/2 
(ii) G is complete 3-partite, where each part has n/3 vertices. 

We show that in either case ~ is completely determined. 

1. I n t r o d u c t i o n  

For a graph G we denote  its vertex set by V(G) ,  its edge set by E(G) and 
denote  the cardinali t ies  of V(G) and  E(G) by n(G) and  re(G), respectively. By a 
clique of G we shall mean  a complete subgraph  of G, and  by a clique decomposition 
of G we shall mean  a collection of cliques which par t i t ion  E(G). An ordered clique 
decomposition of G is a pair  (~ -~) where ~ is a clique decomposi t ion of G and  
-< is a to ta l  ordering defined on $.  An ordered clique decomposi t ion (~, 4 )  where 

is a t t a ined  by removing maximal  cliques (i.e. their  edges) one by one unt i l  
the graph is empty, and  -~ coincides with the order in which maximal  cliques are 
removed, is called a greedy clique decomposition. For a greedy clique decomposi t ion 
we shall always assume tha t  maximal  cliques which are single edges are picked last. 
Ex tend ing  this defini t ion further,  for a positive integer p, 3 _< p we define a greedy 
p-decomposition. A greedy p-decomposi t ion  is an o r d e r e d  clique decomposi t ion 
(~,-~),  where ~ is a t t a ined  by removing maximal  cliques of order at least p one 
by one unt i l  none remain,  in which case the remain ing  edges are removed one by 
one. The  order -~ coincides with the order in which cliques were removed. One 
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immediately sees that  a greedy clique decomposition of a graph G is also a greedy 
3-decomposition. 

A graph is said to be r-partite if its vertices can be divided into r parts, where 
no two vertices in a given part are adjacent. A graph is complete r-partite if its 
vertices can be divided into r parts, where two vertices are adjacent if and only if 
they belong to different a parts. We denote by Kr the complete graph on r vertices, 
and we denote the complete r-parti te graph with parts of sizes nl,n2,.. . ,nr by 
Knl,n2 ..... nr '  We say a graph is Kr-free if it does not contain Kr as a subgraph. 

For 2 < r < n we let Tr (n) denote the Tur in  graph on n vertices, where 

Tr(n) 

We let t r ( n ) =  m(Tr(n)), and remark that Tr(n) is the unique r-parti te graph of 
order n which has a maximum number of edges. It was shown by Tur in  [8] that 
Tr(n) is the unique graph of order n with at least tr(n) edges which is Kr+l-free.  

A classic result of ErdSs, Goodman, and Pdsa [4] states that  any graph of 
/~2 

order n has a clique decomposition with at most ~- cliques. In fact, their proof 
n 2 indicated that this can be achieved with at most -T edges and triangles. Bollob~s 

[2] subsequently strengthened this result by showing that  for any positive integer 
r_>3, any graph of order n can be partioned into at most tr-l(n) Kr's and edges. 

It was recently shown by the author [7] that  any greedy clique decomposition 
n 2 

of a graph of order n has at most -4- cliques. This result settled a conjecture of 
Winkler [9]. In this paper, we extend this result by showing for a positive integer p, 
3 _<p any greedy p-decomposition of a graph of order n has at most tp-1 (n) cliques. 
In particular, it follows from this that  any greedy p-decomposition of a Kp+L-free 
graph has at most t p - l ( n )  Kp's and edges. This is interesting in light of Bollob~s' 
result in that  it says that  for Kp+l-free graphs even if we pick as many Kp's as 
possible into the clique decomposition by choosing at random, Bollob~s' result still 
applies; that is, such a clique decomposition still has at most tp-l(n) cliques. In 
[6], GySri and Tuza improved Bollobs result by showing that for p _> 4 and any 
graph G of order n, there exists a clique decomposition ~ of G consisting solely of 
Kp's and edges where 

xc~  

In the case when p = 3, the above result is not true as it was shown in [6] that 
every clique decomposition ~ of K6m+4 into triangles and edges has ~ n(X) _> 

XE~ 
2t2(6m§ § However, it was conjectured in [6] that for any graph of order n, 
such a clique decomposition ~ into edges and triangles exists for which ~ n(X) <_ 

XE~ 
2t2(~) + o(n2). 

In conjunction with the above results, we have a conjecture of Winkler [9]: 

Conjecture 1.1. For any greedy clique decomposition (~, -<) of a graph of order n, 

E 
x c f  
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It was shown by Chung [3] and independently by GySri and Kostochka [5] that  
for any graph of order n there exists a clique decomposition ~ such that  

n 2 
Z n(X) _ 
xcff  

In the second part of this paper, we show that Conjecture i.i is true for/(4- 
free graphs with equality holding in the above for a greedy clique decomposition 
(~, -~) of a graph G if and only if 

(i) G~ / (n /2 ,n /2  or 

(ii) G ~_ Kn/3,n/3,n/3. 
Moreover, in (i) and (ii) ~ is completely determined. In (i), ~ is simply all the 

edges of G. In (ii), G can be expressed as a complete 3-partite graph with parts 
ViUWi, i=1,2,3, where ViMWi=r IV/I =lWil = ~, i=1 ,2 ,3 ,  and the triangles of 

cover exactly the edges between ~ and l/) and Wi and Wj, for i< j .  
As an interesting corollary of the above, it follows that  for any K4-free graph 

G of order n where re(G) = n2 n2 -4- +k,  0_<k_< ~ one can pick at least ~ edge-disjoint 
triangles simply by choosing at random. 

We will first introduce some notation. For a graph G and A C_ E(G) (respec- 
tively, A C_ V(G)) we say H is a subgraph induced by A if H is the subgraph of G 
where E(H) = A and V(H) is the union of all endvertices of edges of A (respec- 
tively, V(H) = A and E(H) is the set of edges having both its endvertices in A). 
For S C_ V(G), we denote the set of neighbours of S in G by NG(S ) which is the 
set of vertices of V(G) - S which are adjacent to at least one vertex in S. We say 
a set of vertices S is independent if no two vertices in S are adjacent. 

For a clique decomposition g and i = 1,2,3, . . .  we let g* denote the set of 
cliques of ~ of order i. For each vertex v we let gv denote the set of cliques of 
containing v and for each edge e we let ge be the set of cliques of ~ containing an 
endvertex of e. Finally, for i = 2,3,4, . . . ,  and for all v E V(G) and e E E(G) we let 
~/____~i A ~ v  and i i $ ~ = ~  N ~ .  

All graphs in this paper will be assumed to be simple (loopless, no multiple 
edges). We will often denote an edge by its endvertices, as for example if an edge e 
has endvertices x and y we will often write xy instead of e. A triangle with vertices 
x, y, and z will often just be denoted by xyz. 

2. Restricted greedy clique decomposit ions 

In [7], we showed that  for any greedy clique decomposition ($,-~) of a graph 
n 2 

G of order n that  ~ n(C) < --s The proof is by induction on n: we first find a 
c e $  

clique Ce ~ ~2 and remove its vertices, and we remove the edges of the cliques in 
~e. This results in a graph H and a greedy clique decomposition ~ =  ~ - ~ e  of H. 

Since by hypothesis I~l _< ~ ,  we need only show that  I~e] _<n-1 .  This we do 
by viewing the cliques of Se as subsets of vertices, and by showing that  there exists 
a transversal which excludes a vertex. We do this by assigning to Ce an arbitrary 
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endpoint of e, and to every clique C E $e we assign either a vertex of V(C) which 
occurs in no other clique of ~e, or if no such one exists, we assign to C any vertex 
which occurs in another clique D E ~e-{Ce, C} for which D-< C. The maximali ty of 
C when it was chosen guarantees that  at least one such vertex exists, and  it is also 
seen that  this assignment defines a transversal on Se which excludes an endpoint of 
e. In this section, we refine the above proof and use it for greedy p-decompositions. 

Let G be a graph and let (~, -<) be an ordered clique decomposition of G. For 
each edge e of G we define a function r from ~e to the set of all subsets of V(G), 
including the empty set. Let e r E(G) and, suppose Ce is the clique of ~ covering 
e. We set Ib(Ce) = V(Ce), and for all X E t f e -  {Ce} we let ~ ( X )  be the set of 
vertices of V(X) which either belong to no other cliques of r e -  {X}, or belong to 
some clique D E f e -  {X, Ce} for which D-< X. Here we observe tha t  each vertex 
of V(G) - V(Ce) belongs to at most two cliques of f ; , " and  hence at most one such 
clique D exists. 

Lemma 2.1. For M1 eEE(G) 

If~l = U v (x )  - Z ( l~ (x ) l -  1). 
x e f  XEf~ 

Proof. The sets r  X E~e are seen to parti t ion the set U V(X) and thus 
XE~r 

( l~(X)l-  1) + I~el -- Y~ I~(xDI -- [ _ J  v ( x ) .  I 
XE~e X E ~  XE~e 

Let G, ~, e, and Ce be as above. We can use Lemma 2.1 to prove the following. 

Proposit ion 2.2. I Y ~ ( X ) r  for a11XE~e, then I~1 _< U v (x )  - ~ ( c ~ ) + l  
XE~e 

Also, if (~, 4) is ~ greedy p-decomposition for G and Ce = e, then ~(X) r ~ for aii 
X E~e-~2e and 

I~l _< [ _ J  v (x )  - ~ ( l~(x)r-1) .  
xE~ 

Proof. The first part  follows directly from Lemma 2.1 and the fact that  ~b(Ce) = 
V(C~). 

In the second part,  let e = ~ v .  S u p p o s e X E ~ e - ~ e  2. I f V ( X ) -  U v ( Y ) r  
Y ~ - { x }  

0, then by definition of f;, ~ (X)  ~; (~. Therefore suppose that  V(X) C_ 
U V(Y). Then V(X)U{u,v} induces a clique X '  of order n(X')=n(X)+l. 

Y e ~ - { x }  
Let D be the first clique chosen into ~ which covers some edges of X ~. Since when 
each clique of ~ -  ~2 was chosen it was maximal, D cannot be properly contained 
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in X ~, and thus D # X and D ~ e, It  then follows that  D ~ X and D meets X / at 
exactly one edge uy or vy, depending on whether X E ~v or X E ~u, respectively. 
By definition of ~, we see that  y E r  and thus r  We conclude thus that  
for all X E S e - $  2 r  and now the second part  follows from Lemma 2.1. I e~ 

Let 3 _< p and let (~,-~) be a greedy p-decomposition of a graph G. From 
Proposition 2.2 we see that  for e E ~2, if X E ~e and r  = O, then X E $2. For 
each e E $2 we define ae to be the number of cliques X E ~e 2 for which r  {~. It  
is simple observation that  ae equals the number of pairs of edges in ~2 which share 
a common vertex, not being an endvertex of e. As a quick observation, we have the 
following corollary which is a direct consequence of the proof of Proposition 2.2. 

Corollary 2.3. I f  (~,-~) is a greedy clique decomposition of a graph G, then ae = 0  
for all e E ~2. Moreover, if e E ~2 and [~el + 1 = n(G), then I~(X)I = 1 for a11 C E 

{e}  U v ( x )  = V ( G )  
X~g~ 

We shall now prove the first of the main results. 

Theorem 2.4. Let 3 ~ p and let G be a graph of order n. I f  (~, -~) is a greedy 
p-decomposition of G, then t~[ ~<~p-l(n). 
Proof. By induction on n. If n_<p, the theorem is seen to be true. We therefore 
assume that  n > p  and the theorem is true for any graph of order less than n. 

Let (~, 4)  be a greedy p-decomposition of a graph G of order n. Suppose e = 
uv E ~2 and define a graph H by H = G - { u , v } -  U E ( X ) .  Let (~ , -~ ' )  be 

XE~e 
the ordered clique decomposition of H where ~ / =  ~ _  ~e and -~/is the same as -~ 
restricted to ~ .  Then ( ~ , - ~ )  is a greedy p-decomposition for H and thus, by the 
inductive assumption, 1~'1 > t p _ l ( n - 2 ) .  If I~e] < t p - l ( n ) - t p - l ( n - 2 ) ,  then 

I~l = I~'[ + ]~e[ <-- tp--l(?~ -- 2) § tp_l(% ) -- tp- l (% -- 2) = tp_l(f t  ). 

Thus we may assume for all e E $2 that  

(2.1) I~l -~ 1 + t p - l (n )  - t p - l ( n  - 2). 

We have from Lemma 2.1 that  for e E ~  2 

(2.2) 1 +  ~ :  ( l ~ ( X ) l - 1 ) - ~ e §  U V(X) I 

X ~ - ~  XE~ 

By Proposition 2.2, for e E ~  2, ~ ( X ) # O  for all X ~ e - ~  2. Since XWweV(X)~ _<n 

we now obtain from (2.2) that  for all e E ~  2 

( 2 3 )  > [ ol - n § 1 
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Now (2.1) and (2.3) together imply that  for all eEt5 2 

(2.4) ae > 2 § tp- l (n)  - t p - l ( n - -  2) - n. 

Let k > 0  and 0 _ < g < p - 1  be integers such that  n = k ( p - 1 ) + g .  Then we have that  

(2.a) ~ p _ l ( % )  --  ~ p _ l ( i Z  --  2)  = 2(?Z - -  k )  - -  3 @ max{2 - g, 0} .  

From (2.4) and (2.5) we obtain for all e C ~2 that  

(2.6) ae _> n -  2 k -  1 + max{2 - g,0}. 

If g{ = ~ for all i > p, then G must be Kp-free and hence by Turgn's Theorem [8], 
I~1 = re(G)<< tp_l(n). Thus we may assume that  there exists p*, p _<p* such that  
gP* # (~. Let L E gP* and let u E V(L). If g2 u = 0, then Igul <- p---cT'n-1 In this case, 

let H = G - u -  [J E (X)  and let (g~,-<~) be the ordered clique decomposition 
X E g ~  

of H where g '  = g -  ~u, and ~ '  is the same as -< restricted to g ' .  Then (g~,-<~) 
is a greedy p-decomposition for H,  and thus by the inductive assumption I~'1 _< 

n 1 <tip_l(n) .  W e  tp-1 ( n -  1). It n o w  follows that 1~1 = I~'1 + I~1 _< tp_l ( n -  1) + ~ _ 
may thus assume ~2 r 0, and we let f = uv E ~2 u. 

Let J be a maximal clique containing f in the subgraph induced by the edges 
of ~2. For all x E V(G) - V(J)  let /3x be the number of edges zy  C ~2 where y E 
V(J) .  Counting in two ways we obtain 

eEE(J) xEV(G)-V(J)  

We note that  by the maximali ty of J, /3x <_ n(J) - 1 for all x E V(G) - V(J) .  For 
each x E V ( J ) - u  let % be the number of edges xy E g2 where y E V ( L ) - { u } .  Then 

3~ = ~ ~ .  
xcV(L)-u xEV(J)-~ 

Suppose for some x c V ( J ) -  u, % = a ( L ) -  1. Then V(L)U {x} induces a clique of 
order a(L) + 1 which properly contains L. But now xy E g2 for all g E V(L),  and 
thus L could not have been maximal when it was chosen; a contradiction. Thus for 
all z E V(J)  - {u}, % <_ n(L) - 2, and therefore 

(2.s) E /3x = E % <- (n(J) - l)(n(L) - 2). 

x~V(L)-u ~cv(J)-u 

It is now straightforward to prove that 

(2.9) 1) 
xeV(L)-u 
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By (2.6), (2.7) and (2.9) we have 

.~(J)(%-2k-l+max{2-1?,0})_< ~ ~ 
eEE(J) 

(2.10) < m ( J ) ( n ( J ) - 2 ) + ( n - n ( J ) - l ) .  (n (J )  2 -  1).  

Dividing the left and right side of (2.10) by re(J)= (n(J)) we have 

Thus 

n - 2 k - l + m a x { 2 - t ? , O }  < n ( J ) - 2 + ( n - n ( J ) - l )  

2(~ - 1) 
n(J) 

(n(J) - 2) 
n(J) 

2(n-  1) 
(2.11) n(J) >_ 2k - max{2 - g, 0}" 

Since n =  k ( p -  1) +17, (2.11) becomes 

2k(p - 1) + 2(17 - 1) 
~(J) >- ~ ; m - Y x [ 2 - :  s  > ; - 1 

Thus n(J) >>_p, but this gives a contradiction since by the nature of ~ the subgraph 
induced by g2 must be Kp-free. It must therefore be the case that I~l _< ~p_l(n), 
and this completes the induction, l 

As an immediate consequence of Theorem 2.4 we have the following corollary: 

Corollary 2.5. For p >_ 3 and any Kp+ l-free graph of order n, a clique decomposition 
formed by choosing at random as many Kp's as possible and then choosing the 
remaining edges gives at most tp-l(n)  edges and BZp 's. II 

As mentioned before, Bollobs [2] proved that for p > 3 and any graph G 
of order n there exists a clique decomposition of G consisting of Kp's and edges 
which has at most tp-l(r~) cliques. Corollary 2.5 states that for Kp+l-free graphs 
Bollobs result still holds even if we pick our clique decomposition by first picking 
at random as many edge disjoint Kp's as possible. The question naturally arises, 
how many edge disjoint Kp's can one be assured of getting simply by choosing at 
random? In connection with this question, it follows from a result of Bollobs [2] 
that if G is a graph of order n, and 

(p_n 1)2  ( p _  1 ) ( p ) 2  (p )  
m ( G ) = y  2 + ( l - y )  

where 0_<y<l,  then G has at least (1 -y) (p)P  Kp'S as subgraphs. That is, if 
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where 

) 
then Bollobs result implies G has at least nP-22(p--1) t" I(p'S as subgraphs. As- pp--1  ~v 

suming G is Kp+l-free. any Kp is easily seen to intersect (in edges) at most 

other Kp's. Thus Bollobs result implies that we can pick at least 

nP-22(p - 1) k. (p - 2)! = 2(p - 1)!k 
pp-1 riP-2(1 + o(1)) pp-l(1 -}- o(1)) 

edge disjoint Kp's simply by choosing at random. 
If G is Kp+l-free. Corollary 2.5 implies any greedy p-decomposition ~ of G has 

at most tp_l(n)  cliques. Thus 

1~I = ,~2[ + ,~P, = m(G)  - (P) ,~P,  -t- I~ p[ 

= ~ e + k -  ISPl+l~Pl <t~_~(n). 

So 

Ivp~ > 
(~) - i 

Setting n = k ( p - 1 ) + e ,  0 < e < p - 1  we find that p--=i (p~ l )_ tp_ l (n )  = 

2 ( l -p~- -~)_  >0. Thus I~PI_> ~ by Corollary 2.5. We note fm'ther that 

k 2(p - i)! 
(~)----f > - - k ,  p > 3. 

_ pp-1 - -  

The lower bound implied by Corollary 2.5 is seen to be better than that implied by 
Bollobs Theorem. 

3. G r e e d y  clique decompos i t ion  of  K4-free graphs  

In this section, we prove Conjecture 1.1 for K4-free graphs. 
Let ~ be a clique decompostion of a graph G. By counting in two ways we 

obtain the following relationship: 

(3.1) ~ n ( x ) =  ~ Iv~l. 
Xe~ veV(G) 
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We define a subgraph G~ of G by letting V(G~)= V(G) and letting uv be a n  
edge of G~ if and only if I ~  [+l~v I <- n(G). We call a vertex v positive (respectively, 

n(a) non-positive) with respect to ~ if I~v I > @ (respectively I~vl_<--g-j.  

Lemma ].1. Let ~ be a clique decomposition era graph G of order n. If  there exists 
a matching in G~ which covers a11 positive vertices, then 

n 2 
Z n(X) <_ T 

xr  

Proof. Suppose we have a matching in G~ which covers vertices W C V(G), and 
W contains all positive vertices. Then for any edge uv E E(Gg) in the matching, 
I$ul+l$vl<<_n, and thus by (3.1) 

En(x)= E f xj 
x e ~  ~ev(a) 

: Z IV I + 
xEW 

I xl 
x e v ( c ) - w  

n n 2 
< I W [ .  n + (n  - IW[) . . . .  
- 2 2 2 

As a corollary we have: 

Corollary 3.2. I f  (g,-~) is a greedy decomposition of a graph G of order n, and ~2 
contains a perfect matching of G, then 

n 2 
n(X) < -- .  

- 2 
x e g  

Proof. From Corollary 2 2.3, CZe = 0 for all e 6 f2  and by Proposition 2.2 for e r f2 ,  
~p(X) # 0 for all X e re-  Thus by Proposition 2.2, for all e r f2  

]fel< U v(x) - l < n - 1 .  
x e g  e 

Thus if e = uv e f2 ,  then Igor + Ifvl < n and e r E(Gg). It now follows that  a 
perfect matching of G consisting of edges from f2  is also a matching in Gg and the 
corollary now follows from Lemma 3.1. | 

For the remainder of this section, G will denote a K4-free graph of G (which 
has only edges and triangles). For an edge e = uv we define a function 7re:~ e ---* ~e 
(or just simply lr when e is implicit) in the following manner. Suppose X E ~e. If 
no cliques of ~ e -  {X} have vertices in V ( X ) -  {u,v} then we define Tee(X)=X. If 
there exists D C ~ e - { X }  such that  V ( X ) O V ( D ) - { u , v } # O ,  then there can be at 
most one such clique D since G is K4-free, and we define 7 r e ( X ) = D  in this case. 
We see that ~re is well-defined, and bijective. 

We shall use the following key lemma: 
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Lemma 3.3. Let  e = u v  be an edge where Ige[ >_n-1. I f  Ce is the clique o f f  covering 
e, then there are at least I gal + ~ ( c ~ ) -  3 cliques X �9 g2 v for which 7c(X)7& X .  

Proof. Similar to (2.2) we have 

(3.2) n ( C e ) - l +  Z ( l ~ b ( X ) l - 1 ) - a e + [ g e l =  U v ( x )  . 
x~-{c~} x E ~  

Since x?#~ V(X) 
(3.3) 

Let 

and 

By (3.3.), 

_<n and [gel _<n-1,  (3.2)implies 

~ _> ~ ( l r  - 1) + ~(ce)  - 2. 
xe~-{c~} 

B1 = { x  �9 ga _ {ca} :  ~ ( x )  = x } ,  

B2 = { x  c ga _ {ca}:  ~ ( x )  �9 g~} 

sa  = { x  e ga _ {ca}:  ~ ( x )  �9 <a}. 

~e > ~(ce) - 2 + ~ ( lr  1) + ~ (lr 1) 
XEB1 XEB2 

(3.4) + ~ (Ir + Lr ~), 
XEB3 

For each X e B1, Ir = 2 and for each X e B2, Ir = 1. For each X e Ba, 
Ir + lr - 2 = 1. Thus by (3.4) we have 

ae >_ IBll + IB31 + n(Ce) - 2. 

The number of cliques X r gv 2 for which 9 r ( X ) # X  is seen to be a e +  ]B21. Thus, 
by the above this number is seen to be at least IBI] + IB2] + ]B3] + n ( C e ) -  2 = 
Iga~k + ,~ (ce ) -3 .  

As a consequence of Lemma 3.3 we have the following: 

Proposition 3.4. I f  e E g2 and [ge[ = n -  1 then 7r(X) E g2 e for all X E g3e, and 
U v(x)=v(a). 

XE~e 
Furthermore, i f  T = uww r g3 where [guI + I gw I >- n and I gv I + I gw I >- n, then 

Ig~l_> Igal+lgal. 

Proof. For the first part, suppose e E g2 and Igel = n - - 1 .  Then by Corollary 2.3, 
I~)(X)l=lfor  a l l X c g e - { e }  and U V ( X ) = V ( g ) .  Thus f o x ' K e g  a, I r  

XCg~ 
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and therefore 7r(X) r X. If X E i~ 3 and w(X) E ~ 3  then {~b(X)l-t-l~b(Tr(X))l - 2 : 1, 
and hence either ]~b(X)] > 1 o1" ]~b (Tr(X))] > 1. Thus for all X E ~e 3, ~r(X) c ~e 2. 

For the second part, suppose T :  uvw �9 ~3 where ]~u ]+]~w I -> n and ]~v ]+] ~w ] _> 
n. Let Suw be the set of vertices belonging to both an edge of ~2  and a clique 
of ~ u - { T } .  For f = u w ,  the number of cliques X 6 ~ 2  w for which 7 r f ( X ) r  
equals [Suw], and thus by Lemma 3.3, [Suw] ~_ ]~3u] +n(T)-3=-]~3~1. Defining Svw 
in a similar way we see that  ]Svw] >_ ]~v3[. Since G is K4-free, Suw~Svw :(~, and 
therefore 

We now give the second main result of this paper. 

Theorem 3.5. Let G be a K4-free graph of order n and let (E,-~) be a greedy 

decomposition of G. Then ~ n(X) < ne - W and equality holds if and only if either 
XE$ 

(i) G ~ K~_ ~_ and ~ consists of the edges of G or 
2~2 

(ii) G can be expressed as a complete 3-partite graph having parts Vi U Wi, 
i =  1,2~3 where ViOWi=~,  IVil = IWil = n and the triangles o f ~  cover -6, 
exactly ~he edges of 

U { x y :  x ~ v~, v �9 vj} u {xy : ~ �9 w~, v ~  wj}.  
i<j 

Proof. We shall first show that  there exists a matching in G~ which covers all 
n 2 positive vertices of G. It will then follow by Lemma 3.1 that  ~ n(X) < -T" 

xEg 
Let S be a nonempty subset of positive vertices. For simplicity we will write 

N(S)  in place of NGg (S), the set of neighbours of S in Gg. We shall now show 

that  IN(S)I _> IS] +1.  Suppose the contrary holds; that is, IN(S)I _< ISI. For each 
a E V(G) let ~z be the set of cliques of ~x which contain no vertices of N(S),  and 
for each edge e let ~e be the set of cliques of ~e which contain no vertices of N(S).  
Suppose x E S. Then by Proposition 2.2, for each e E ~2. 

<_ xU iv(x)l + ~ <lr z) - I. 

XE~ 

Moreover, by Corollary 2.3, ae = 0  and thus I~b(X)l = 1 for all X E ~2. The above 
now implies I~e] _< n -  1, and thus e E E(G~) for all e E ~2. We now deduce that  
~/x _C ~3 for all x E S and furthermore 

I~1 _> I%1 _> I ~ l -  IN(s)I. 

Let u E S be an arbitrary vertex in S. Then by the above 

2I~@tl _> 21~@u ] - 2IN(S)[ > n + 1 - IN(S)] - ISI. 
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Since there are at most ~-IN(S)I-ISl triangles of ~I u not containing vertices in S - u ,  2 
the above implies that there exists at least one triangle T ~ ~ which contains 
vertices of S -  u. Let T = uvw where v ff S, and w ~ V(G) - N(S).  Since d is 
K4-free, the number of cliques incident with T which contain vertices of N(S)  is at 
most 21N(S)I. Thus 

- G v l  + - % 1  <_ 2 1 N ( s ) l ,  

- G ~ I  _< 2 1 ; v ( s ) l  - IV~ - v ' l  

a n d  

(3.5)  ' ' IG~l >_ Iv~l - 2iN(s)} + Iv~ - % i .  

Since V~v C if3 v and I~uvl >n (because u and v are positive) we obtain from (3.5) 
that 

I ~ l + l v ~ l  v 3 

(3.6) _> n + 1 - 2}N(S)t + I~w - ~w].' 

By Proposition 3.4, I~2~I >_ I~.l + 1~31 and thus it follows from (3.6) that 

That is, 

(3 .7 )  >_ ~ + 1 - I N ( s ) l  - (s l .  

Suppose my E ~2 F? ~$~. Then y ~ N(S)  (by definition of ~w).' Since wy ~ ~g2w, 
we have that wy ~ E(G~), and I~w[ + [~y[ < n. Thus w and y cannot be both 
positive, and therefore y r S. Thus y E V(G) - N(S)  - S, and we now see that 
I ~  ( ? ~ t  < - n - t N ( S ) t -  ISl which contradicts (3.7). Thus we have shown using 
proof by contradiction that IN(S)1 > fSI +1.  

Since JN(S)I > IS I for every nonernpty set $ of positive vertices, it follows from 
applying Hall's Theorem [11 that there exists a matching in Gg which covers all 
positive vertices. This completes the proof of the first part. 

~2 
Suppose now that  ~ n(X) = y ,  and let u be an arbitrary nonpositive vertex. 

x ~ g  
Since IN(S) I> I~ql + 1 for any nonempty subset S of positive vertices, it follows that 
IN(S)-ul >-I$1 for an subsets S. Therefore, by applying Hall's Theorem again, we 
deduce that  there exists a matching in G ~ - u  which covers all positive vertices. Let 
W be the set of vertices covered by one such matching. Then, as shown in Lemma 
3.1 

St 2 

T =- ~ ,  %(x)= ~ IVvl + ~ Iv~t 
Xr vcW vcV(G)-W 

(3.8) < Iwl -n + ( n -  tWl). ~ = n~. 
- 2 2 2 
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Thus equality holds everywhere in (3.8) and therefore l~gv] = -~ for all v ~ V ( G ) - W .  
Since u ~ V(G) - W, I ~ 1  - ~ - g,  and since u was an arbitrarily chosen non-positive 

~2 - -  
n for all non-positive vertices u. Now, since - f  - vertex, it follows that  I ~ ]  = g 

n for all v. 2 n ( X ) =  y~ I~vl, we must have tha t  I ~ v l = g  
xE~ v~v(a) 

We shall now show that  G and $ satisfy either (i) or (ii) of Theorem 3.5. 
Since for all e ~  2 we have I S e l = n - 1 ,  Proposition 3.4 implies that  for all e~  

~92 and for all X ~ ~3 

(3.9) 

and 

(3.10) v(c) = U v(x). 
XE~e 

Now, if e = uv C ~2, and T = vyw E ~3, then (3.9) implies we(T) E ~2 u - {uv} and 
hence either u y E ~ 2  or uwC~2.  That  is, i f e = u v C ~ 2  a n d T = v y w C ~ 3  then 
either 

(3.11) uy E ~2 or uw E ~2. 

~2 
If ~ contains no triangles, then G is Ks-free, -4- = 15[ = re(G), and therefore (i) 
holds. 

Suppose t5 contains a triangle T = uvw. Let S = {x : xu C ~2, or xv E ~92, or 
xw C ~2}. Let z E S, and suppose xu C t52. Then by (3.11) either xv E ~2 or xw C 
~2. More generally, each vertex of S is joined to T by exactly two edges in ~2. Let 
S~,v, S~,w, Svw be a parti t ion of S, Szy being the set of vertices of S joined to x 
and y. Using Proposition 3.4, we have three inequalities: l~ 2] > I~al + I~al, I~I  _> 
I~al + I~al, and I~v21 _> I~a~l + I~al . By adding these together we obtain 

I~1 + 1~[ + IC~l >_ 2(1~1 + I ~ l  + IC~l). 

Adding 2(1~1 + I~gl + I~1)  to both sides, we obtain 

3(1~'~1 § I~1 + I~1)  >_ 2(1~,,I + I~vl + I~wt) -- an. 
Then 3.21S1>_3,~, and ISI>_~. 

Suppose a E Saw and b C S,~v. Then f = aw C ~2. Now wb (~ E(G), for otherwise 
b, u, v, and w induce a /(4. By (3.10), bE U V ( X )  and since wb7 s  it 

XE~f 
follows that  ab C E(G). Now ab r ~2 for otherwise ab, ua, ub would be edges of 
~2 inducing a triangle. Thus ab is covered by a triangle in t5, say T I =  abe. Since 
vb ~ ~2 and va ~ E(G), (3.11) implies vc ~ ~2, and therefore c ~ S. Since G i s / (4 -  
free, Suv, Saw, and Svw are independent, and thus c~ Swo. We see in general that  
Say, Says, and Swv are three parts  inducing a complete 3-partite graph, the edges 
between the sets being parti t ioned by triangles of ~g. Furthermore, we note tha t  all 

parts have the same size 3 ~. 
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Corresponding to sets S, Suw, Suv, and Svw for T,  we have sets S', Sab , Sbc , 
and Sac for T', which have the corresponding propert ies .  Similar to tha t  for S, we 
have IS' I > n =(~, we deduce ISt = IS'l = n S U S ' =  _ g,  and now since clearly S • S ~ g,  
V(G), and ISxyl=-  for all x, y. 

Consider vertices x E Sab- {u} and y E Suw - {a}. Since za E E 2, (3.10) implies 
aV ~ z ( a )  or z v  e z(a ) .  The  former  is impossible since Suw is independent ,  so 
xy E E(G), and in fact zy  E E2 since it clearly cannot  be  covered by a tr iangle of 
g.  The  same conclusion holds if y E Suv - {b}. Suppose y E S w  - {c}. If  my E 
E(G), then  clearly z y E E  2 and with  same reasoning as above we deduce tha t  ucE 
E2; a contradict ion.  Thus  z y  ~ E(G). It  is now seen tha t  in general  Sab U Svw, 
SacUSuv, and SbeUSuw form the  par ts  of a complete  3-par t i te  graph,  the tr iangles 
of ~ covering exact ly  those edges between the sets Sab, Sac, Sbc and those between 
Sv~, Suv, Suw. Thus  G and E are as in (ii). | 

In closing, we broaden Conjecture  1.1 which in view of Theo rem 2.4 seems 
natural :  

Conjec ture  3.6. For any greedy p-decomposition (~, -<) of a graph of order n, 

XEE 
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